The effect of a small Gaussian shaped deformation on the development and growth of Tollmien-Schlichting disturbances on an unswept airfoil is investigated. A broad range of gap depths and widths is modeled that can be sufficient to generate localized pockets of reverse flow. Boundary-layer profiles are computed using a NavierStokes solver, permitting a thorough investigation of all configurations considered. The linear stability of Tollmien-Schlichting waves is then examined using parabolized stability equations and linearized Navier-Stokes formulations, with the former method giving excellent agreement with the latter for all disturbances studied, including within separated boundary layers. Tollmien-Schlichting disturbances are amplified by deeper and wider gaps, with a correlation derived by relating the increase in the N factor with the gap dimensions and freestream Reynolds number. 
Nomenclature
A CCURATE and robust methods for predicting laminarturbulent transition processes on a natural laminar wing are critical for determining flight performance characteristics. In particular, understanding the effect of surface variations due to environmental and industrial conditions is essential in establishing manufacturing tolerances. Deformations along the wing surface can take a variety of shapes. For instance, gaps can form along the junctions of wing components, which may augment the amplification rate of boundary-layer disturbances and trigger the premature onset of laminar-turbulent transition. Gaps along the wing surface can be filled but, under flight conditions, the filler shape may deteriorate over time due to continuous variations in temperature and pressure. Thus, calculating the wing performance to small deformations is of great significance to the design of future aircraft. Furthermore, the shape and dimensions of the gap may be sufficient to establish localized pockets of boundary-layer separation. Therefore, to undertake a detailed numerical study of surface deformations and their effect on boundary-layer transition, state-of-the-art routines are required that incorporate the many complex flow mechanisms into the stability prediction model. In this Paper, we use several boundarylayer methods to study the evolution of Tollmien-Schlichting (TS) disturbances on a model airfoil with small gap deformations.
Several experimental investigations have been undertaken to determine the effect of surface variations on the growth of boundarylayer disturbances [1] [2] [3] [4] [5] [6] [7] , whereas the stability of TS waves over humps and wavy surfaces has been studied numerically by a number of previous authors [8] [9] [10] [11] [12] [13] [14] . Fage [1] , Carmichael et al. [2, 3] , and Carmichael and Pfenninger [4] derived relationships describing the sizes of the deformation (bulges, hollows, and waviness) required to bring about the early onset of transition, whereas Holmes et al. [5] measured manufacturing tolerances to surface variations.
Using an interactive boundary-layer procedure [15] to generate flow profiles over a flat plate with an imposed sinusoidal waviness, Wie and Malik [14] undertook a linear stability investigation using parabolized stability equation (PSE) methods [16] , where the amplification rate of TS disturbances was measured using an e N approach [17] [18] [19] [20] . Wie and Malik [14] then developed a simple correlation for the amplification of the N factor in terms of the dimensions of the surface waviness. Similar conclusions were drawn by Thomas et al. [21] for the growth of TS waves over an unswept model airfoil. Thomas et al. [21] based their investigation on the solutions of the TAU industrial flow solver [22] coupled with an extraction procedure [23] . As the TAU formulation is based on solving the full Navier-Stokes equations, Thomas et al. were able to study disturbance development in separated flows, which is otherwise not permitted by boundary-layer schemes based on a streamwise marching strategy [24, 25] . A linear stability analysis was undertaken using a PSE and a linearized Navier-Stokes (LNS) formulation, with the two methods giving qualitatively similar solutions in most cases, including within some separated flow systems. The applicability of the PSE approach for studying disturbance development in separated boundary layers is a controversial topic. Although the PSE does not account for the upstream propagation associated with reversed flow, Wie and Malik [14] suggested that the PSE might work if step sizes were sufficiently large to step over the separation bubble. Additionally, Thomas et al. [21] found that PSE calculations agreed with LNS solutions, providing the wavelength of the TS wave was sufficiently long, the Li and Malik [26] stability restriction criterion was satisfied, and reverse flow did not establish other forms of disturbances: upstream propagating waves or absolute instability [27, 28] .
Further studies on surface deformations have examined the effect of humps [29] [30] [31] [32] , dimples [33] , corrugation [34] , steps [35] [36] [37] [38] [39] , roughness distributions [40, 41] , and deep gaps [42] . More recently, Xu et al. [43] studied the impact of three-dimensional surface indentations on the destabilization of TS disturbances, where separation bubbles could form within sufficiently deformed indentations. For the subsequent study, we investigate the effect of a small two-dimensional Gaussian shaped gap on the development and growth of TS disturbances that develop on an unswept airfoil [44] . Undisturbed boundary-layer profiles are established using a combination of the TAU flow solver [22] and an extraction procedure [23] used previously by Thomas et al. [21] . Deformation dimensions are varied and, in some instances, a separation pocket is established within the gap. Finally, a linear stability analysis is performed using both PSE and LNS methods.
The remainder of this Paper is outlined as follows. In the subsequent section, the model and numerical routines required for generating base flow profiles and undertaking a linear stability investigation are described. The results of both the PSE and LNS are presented in Sec. III, with some conclusions given in Sec. IV.
II. Numerical Methods
The subsequent investigation was based on the infinitely unswept wing geometry modeled by Ashworth et al. [44] that is illustrated here in Fig. 1 . The model was originally developed by Ashworth et al. to determine the tolerance of natural laminar flow on a wing to the destabilization of TS waves at the leading-edge/wingbox junction. The wing shape was designed with a chord length of c 0.75 m and a maximum thickness approximately equal to 0.12 m near the wing center. Small realistic gap deformations were then constructed and accurate numerical routines were used to generate boundary layers and undertake a linear stability analysis for transition prediction. Direct comparisons with wind-tunnel test experiments were achieved for a small number of gap dimensions.
The model and methods implemented by Ashworth et al. [44] are used here to study the effect of small Gaussian shaped surface deformations on the development and growth of TS disturbances.
The following description provides a summary of the numerical routines required to achieve the objectives of this investigation. Qx; y; t Q B x; y q 0 x; y; t (1)
The undisturbed flow Q B about the model depicted in Fig. 1 was generated using the numerical solver TAU [22] , with a sufficiently refined mesh established using SOLAR meshing to ensure that small scale flow mechanisms were fully captured. The mesh refinement strategy follows that outlined by Ashworth et al. [44] ; a mesh with 30 million cells was constructed, with a minimum of 50 points within the boundary layer and more than 500 points along the wing length.
The TAU formulation solves the Reynolds-averaged NavierStokes (RANS) system of equations based on the Spalart-AllmarasEdwards turbulence model [45] , outputting dimensional velocity, temperature, and pressure fields in Cartesian coordinates. However, a laminar flow is established by imposing a transition location on the rear half of the wing (as indicated in Fig. 1 ), which sets the eddy viscosity to zero and reduces the RANS scheme to the Navier-Stokes equations. The transition location is chosen sufficiently far downstream to allow laminar disturbances a large enough chord domain to develop and is based on the results of wind-tunnel test experiments [44] . Accurate steady base flow solutions are then computed using a backward Euler implicit scheme that uses a lowerupper symmetric Gauss-Seidel iterative procedure. Furthermore, multigrid strategies are implemented to accelerate the convergence of solutions. A converged steady basic state is then achieved once residuals are of the order of 10 −8 and less.
Nondimensional boundary-layer profiles were constructed by transforming TAU solutions from Cartesian to surface-fitted coordinates x . Units of length were scaled on the chord length c :
whereas velocity fields U B were nondimensionalized on U e that was based on the local boundary-layer thickness δ ; i.e., U B → 1 at all chord positions. Similar scalings were introduced for the pressure and temperature fields.
The coordinate transformation and scaling were performed using the RANS extracted boundary-layer (REBL) routine developed by Thomas et al. [23] , which extracts flow profiles directly from TAU solutions, outputting boundary layers to a format suitable for linear stability analysis. The method has been successfully verified using solutions of boundary-layer equations for wing geometries with an imposed surface waviness [21, 23] and to undertake both PSE and LNS studies. It is especially useful in separated flow systems because traditional boundary-layer solvers based on a chordwise marching scheme [24, 25] break down for sufficiently large adverse pressure gradients. Thus, the REBL permits a thorough analysis of separated flow systems, which is particularly relevant to the following study because sufficiently deep gaps may form localized pockets of separation. A full description of the extraction procedure is given in the work of Thomas et al. [23] , whereas similar methods have been developed by Malik [46] and Liao et al. [47] for investigating the flow over a flat plate and aircraft configurations.
Mesh Deformation
Deformations along the wing surface were implemented by imposing a surface indentation of the form
or in the nondimensional plane (x x ∕c ) as the Gaussian distribution
. A single deformation was modeled, centered about x c 0.23, for those depths and widths tabulated in Table 1 . The boundary-layer thickness (scaled on c ) was of the order of 10 −3 . Thus, the depth D to boundary-layer thickness ratio was in the parameter range of 0.03-0.2; the maximum gap depth was approximately one-fifth of the boundary-layer thickness. Furthermore, as L is a measure of the gap variance, the full width of the Gaussian shaped deformation was about 6L nondimensional units.
Numerical simulations were then generated for the wing model with a zero angle of incidence, a Mach number of M ∞ 0.75, and a variable freestream Reynolds number R ∞ (refer to Table 1 ). Further gap configurations were not examined due to limited access to TAU, restricting the analysis to those specifications given previously.
B. Stability Theory
An additional length scaling was implemented for both PSE and LNS schemes based on the local boundary-layer thickness δ measured about a fixed chord position. Additionally, all fields were normalized on the values given about this location. (The results in Sec. III are presented in the coordinate frame scaled on c , as this provides the best method for visualizing flow characteristics.)
Perturbations q 0 to the basic state Q B are assumed to be infinitesimally small and linear with a time periodicity of the form q 0 x; y; t qx; y expf−iωtg (4) whereas spanwise perturbations (centrifugal/Görtler instabilities) that can develop as a consequence of the deformation are ignored in this study. The linear stability of TS wave instabilities is then investigated using the compressible PSE and LNS formulations developed by Mughal [25, [48] [49] [50] , with a summary of the methods reported by Thomas et al. [21] . Thus, for brevity, we only highlight the essential features of the two schemes in the following.
Parabolized Stability Equations
The amplification rate of TS disturbances over the wing geometry is measured using the e N approach. To achieve this via the PSE scheme, linear perturbations [Eq. (4) 
Here, A and B represent differential matrix operators in the wallnormal y direction [48] . The system of equations [Eq. (6)] is closed by the integral condition
and solved subject to zero-disturbance conditions at the wall and Dirichlet conditions in the far field. A marching procedure is then implemented, where the wave number α is determined at each x position using the iterative scheme
For each frequency F, n factors are computed using the formula
where the position x 0 corresponds to the onset of instability for each F considered. The frequency-independent N-factor envelope of all n curves is then constructed. For the successful application of the PSE to the flow systems generated in this study, chordwise step sizes were carefully chosen to satisfy the Li and Malik [26] stability criterion: Δx > 1∕jα r j. Enforcing this particular restriction ensured that numerically stable results were achieved, including within those separated boundary layers. In those flow instances where separation developed, the chordwise step size was increased until solutions were successfully obtained. For the subsequent study, step sizes used to perform the PSE analysis were always found to establish accurate and sufficiently resolved TS growth rates and n factors.
Linearized Navier-Stokes
A compressible LNS formulation [25, 50] was used to validate the PSE calculations, where Dirichlet conditions were imposed in the farfield limit and no-slip conditions were enforced along the wing surface. Disturbances within the boundary layer were then excited by a small periodic forcing placed about a fixed chord location. Comparisons with the PSE solutions were achieved by measuring variations in the streamwise u-velocity perturbation obtained for both methods, whereas n factors were computed using the relationship n ln max y jux; fj max y jux 0 ; fj (10)
To ensure LNS-generated perturbations were computed accurately, a high-order finite difference method was used along the x axis and a pseudospectral approach was implemented in the wall-normal y direction. Solutions were obtained by decomposing the discretized LNS equations as a large lower-upper block factorization matrix. Accurate TS wave disturbance development was established for 8000 and 81 points along the x and y axes, respectively. Increasing the number of grid points was not found to improve calculations, including for those separated flows. Additionally, results were not affected by changes to the domain size; i.e., solutions were independent of the chord location chosen for the inner and outer streamwise boundaries. Nondimensional base flows Q B are generated by coupling solutions of the TAU flow solver with the REBL extraction scheme. Boundarylayer profiles are constructed, and the flow is found to separate within some of the gap configurations modeled. Figure 3 illustrates the formation of separation bubbles within deformations given by the specifications 10 6 D f111; 155; 200g (plotted top to bottom) and 10 3 L f0.9; 1.9; 3.8g (plotted left to right). Only contours of the negative-valued chordwise velocity U B are plotted within the illustrations, with black contours representing amplitudes about U B −0.02 and white contours depicting U B 0 or greater. The magnitude of reverse flow is observed to increase for greater gap depths and for smaller widths; U B attains the largest negative value for the deformation modeled in Fig. 3g , where f10 6 D; 10 3 Lg f200; 0.9g. However, the maximum magnitude of separation is less than 1/50th of the freestream velocity, and so it is unlikely the gaps considered herein generate absolute instabilities; 15-30% has been quoted as being necessary to engineer absolute instability [27, 28] .
Following a careful analysis, the minimum value of U B for separated flow systems was found to vary proportionally as
with separation first appearing for gap configurations 10 4 D∕L 1∕4 ≳4; see Fig. 4 . increases, neutral curves display severe variations about the gap location and unstable behavior is obtained at larger frequencies. Eventually, for gaps of large enough depth and width, the neutral stability curve splits in to three bounded regions; see Fig. 5d . These particular stability characteristics are comparable with the depictions of Thomas et al. [21] (see figure 18 of their investigation) and Xu et al. [43] (see figure 2 of their paper) for the development of TS disturbances over wavy surfaces and three-dimensional indentations. Thus, we might anticipate that the amplification rate of TS disturbances is enhanced by the gap, especially for those frequencies F that are strongly affected by the deformation. Figure 6 depicts the maximum absolute amplitude of the u-velocity perturbation field for three TS frequencies and two gap configurations. These particular TS waves are chosen to illustrate stability characteristics because they display strong spatial growth and are within the parameter range that is most affected by the deformation. Results are established using both LNS (dashed lines) and PSE methods (solid), whereas nondeformed solutions are plotted with dotted lines and included within the illustrations to draw comparisons. LNS calculations are excited about a chord location far upstream of the gap, near x f 0.1, allowing disturbances a sufficient chord length to develop before passing over the deformation. The forcing initially excites several modes that compete to control the disturbance development, hence the appearance of an oscillating amplitude immediately downstream of the exciter. However, the most unstable mode eventually emerges at a location further downstream and dictates the long-term behavior. About the deformation, TS disturbances are found to undergo a sharp rise in amplitude, with the amplification rate greater for the deeper gap. Hence, the surface indentation destabilizes the TS instability. PSE-generated amplitudes are then superimposed over the LNS computations by scaling until disturbances are identical in size, at about x 0.2. Variations in the two sets of solutions, brought about by the deformation, can then be measured by comparing the perturbation magnitudes at some chord location further downstream. Remarkably, PSE and LNS calculations are (to the accuracy of the grid scale used) identical over the given chord range and for the gap specifications considered. Indeed, numerical differences are found to be, at most, 3% for all frequencies and deformations modeled in this study, including those gap dimensions that establish a pocket of reverse flow.
LNS Versus PSE
Further amplitude comparisons are drawn in Fig. 7 for F 26, 10 6 D 200, and for three widths L. LNS and PSE solutions are again indistinguishable and display comparable behaviors downstream of the gap, with only minor differences observed in disturbance amplitudes. Additionally, the magnitude of the TS instability is enhanced for wider deformations. The development of the LNS-generated u-velocity perturbation fields considered in Fig. 7 are depicted in Fig. 8 . The wall-normal y direction is deformed to include the shape of the surface distribution [Eq. (3)], whereas perturbation fields are normalized on their respective maximum absolute values juj max computed at each chord location. White and black contours depict positive-and negative-valued u∕juj max , respectively. For small L, the shape of the TS disturbance is relatively unchanged as it passes over the deformation. However, as the gap width increases, the perturbation splits into two separate components. The lower structure develops within the gap, whereas a second upper component forms above the deformation. As the disturbance approaches the end of the gap, the two parts recoalesce to reform the TS wave. Comparable behavior was observed by Wie and Malik [14] and Thomas et al. [21] for TS disturbances on wavy surfaces, with this particular feature described as a mixed TS-Rayleigh-type instability.
The wavelength of the TS wave considered in Fig. 8 is approximately 0.009 units in length, with one, two, and three full waves, respectively, forming across the three gaps shown (based on a full gap width of length 6L). A lower number of waves develops across these particular gaps for frequencies of with a larger frequency and shorter wavelength, a greater number of waves could form across the deformations considered. However, the spatial growth associated with these larger F modes is significantly reduced and perturbations are found to be less sensitive to the gap indentations.
The preceding analysis illustrates that the PSE can be successfully applied to the surface deformations modeled in this Paper. Furthermore, the results show, at least for the TS frequencies studied herein, that PSE methods can be used to undertake an accurate stability study of those separated flow systems established by sufficiently deep gaps. Thus, for the remainder of this investigation, calculations are based only on the solutions of the PSE formulation.
Amplification of N
A thorough nonparallel PSE analysis was undertaken for all of the model specifications given in Table 1 . The N-factor envelopes were constructed using the n-factor curves obtained for frequencies F ∈ 1:100; modes F ∈ 25:40 were strongest upstream of the deformation, whereas TS waves F ∈ 10:25 displayed the strongest growth downstream of the gap. Variations in N were then computed using the expression
where the subscript notations of gap and clean again refers to solutions over the deformed and nondeformed geometries. (A similar analysis was undertaken in the studies of other surface deformations [14, 21, 23, 35, 37, 38, 42] .) Figure 9 displays N-factor variations for all of the deformations modeled in this study and for 10 −7 R ∞ 1.223. For all cases shown, ΔN is found to marginally decrease in size before the TS wave passes over the gap. However, as the disturbance passes through and beyond the deformation, ΔN is shown to increase sharply and will appear to be approaching a fixed (though different for each model) positive value for larger x. Both deeper and wider gaps are found to significantly enhance the size of ΔN. Indeed, depending on the size of N required for transition, the deformation may establish large enough variations in the N factor to bring about an immediate breakdown of laminarity, triggering the premature onset of transition to turbulence. Furthermore, using the results depicted in Fig. 9 , it is determined that, in the region immediately downstream of the gap, ΔN is also proportional to D and L 3∕4 . Stability variations ΔN are then plotted against DL 3∕4 R ∞ in Fig. 11 , and the following correlation is derived 
which may be used to instantaneously predict the effect of a Gaussian shaped deformation on the growth of TS disturbances.
IV. Conclusions
The effect of small Gaussian shaped deformations on the growth and development of Tollmien-Schlichting (TS) disturbances on an unswept airfoil has been investigated using parabolized stability equation (PSE) and linearized Navier-Stokes (LNS) methods. Boundary-layer profiles were obtained via an industrial flow solver [22] and formatted for a linear stability analysis using an extraction procedure [23] . Gap deformations of variable depth and width were modeled for several freestream Reynolds numbers and a constant transonic Mach number. Deeper and wider gap indentations were found to amplify the growth of TS disturbances, agreeing with previous observations concerning the effects of surface deformations [14, 21, 42, 43] . A correlation was established that related the variation in the N factor with the gap dimensions; this particular relationship was also found to give a reasonable estimate for ΔN variations for the realistic gap deformations considered by Ashworth et al. [44] . Furthermore, it might be possible to relate the gap location with stability variations and improve upon the relationship given in Eq. (11) . (Due to limited access to the TAU flow solver, the current study could not be extended beyond those deformations fixed about x c 0.23.)
As boundary layers were extracted directly from solutions of a Navier-Stokes solver, a numerical study could be conducted of several gap configurations, including those models that established pockets of separated flow. The magnitude of reverse flow was found to increase for deeper and narrower deformations, with the strongest separation pocket equating to about 1∕50th of the freestream velocity. A linear stability analysis was successfully carried out on all separated flow systems using both PSE and LNS methods, with the former approach giving excellent agreement with the latter for all TS frequencies considered. Although the PSE was not strictly applicable to systems with reverse flow, the analysis suggested that it could be used for those deformations and disturbances studied herein. Nonetheless, given the recent observations of Thomas et al. [21] , it was anticipated that PSE calculations would diverge from LNS solutions for deeper deformations that established larger-amplitude pockets of reverse flow. However, to verify this conclusion, it would be necessary to consider a broader range of gap configurations; deeper, wider gaps; and alternative deformation shapes. It might then be possible to derive a relationship for the accuracy of PSE calculations based on the deformation model, the magnitude of reverse flow, and TS wave dimensions. 
